Uncertainties are inherently present in structural parameters such as loadings, boundary conditions or resistance of structural materials. Especially material properties and parameters of wood are strongly varying in consequence of growth and environmental conditions. To include this variation in structural analysis, available data needs to be modelled appropriately, e.g. by means of probability and, furthermore, fuzzy probability based random variables or fuzzy sets. In order to comprehend uncertainties induced by estimating the distribution parameters, the stochastic approach has been extended by fuzzy distribution parameters to fuzzy probability based random variables according to studies by Möller et al. To cope with epistemic uncertainties for e.g. geometric parameters of knotholes, fuzzy sets are used. The consequence for wooden structures is determined by fuzzy stochastic analysis in combination with a Finite Element (FE) simulation using a model suitable for characteristics of a timber structure by Jenkel and Kaliske.
Introduction
Wooden structures underlie a fundamental data uncertainty in every engineering related matter. The material parameters of wood are strongly varying due to natural growth and environmental conditions even within small pieces of wood. These aspects hold especially true for macroscopic material parameters like elasticity moduli and material strengths considered in this work. The reason for the variation at the macroscopic level might be found in the anatomical structure of wood as well as on the cellular level. To incorporate these characteristics, wood can be described on the mesoscale including the growth layer dependent spatial variability of material parameters, see e.g. De Amicis et al. (2011) , or even on a micro and nanoscale (Hofstetter and Gamstedt, 2008) . A multiscale approach for the computation of macroscopic material parameters is presented e.g. in De Borst et al. (2013) . However, the material parameters on the nano-and microscale cannot be identified exactly and described by deterministic values, which leads to uncertainty on the upper scales.
Regarding the design of timber structures according to EN 1995, a safety concept with partial safety factors is utilised to consider all kinds of uncertainties. Structural inhomogeneities like knots and the grain course deviation are captured by means of strength grading. With respect to recently developed detailed material models for timber, approaches for the direct consideration of uncertainties in the structural analysis are needed. Thereby, the reliability of a structure as well as characteristic variables for construction and design purposes can be assessed. Usually, randomness is utilised to describe uncertainties. In EN 1990, the validation of partial safety factors by means of semi-probabilistic methods is proposed. Regarding timber structures, numerous publications on experimental investigations and statistical evaluation of empirical data can be found. Frequently, regression analysis is applied to describe correlated material parameters based on a few relevant material parameters. In Blaß et al. (2008) and Flaig and Blaß (2014) , elasticity moduli and material strengths are computed for board segments in stochastic simulations using empirical distributions for density and the knot area ratio. Random fields are used in Kandler et al. (2015) to represent the stiffness distribution in board layers of glulam. In Fink and Köhler (2014) and Köhler et al. (2007) , methods to model material parameters as random variables based on a few reference material parameters are presented. The stochastic modelling of typical material parameters of wood and the effect on the uncertain structural results are discussed in Jenkel et al. (2015) . The results show the limitations of stochastic approaches regarding limited empirical databases and serve as motivation for the work presented subsequently.
In general, uncertainty can be classified into aleatoric and epistemic uncertainty, whereas both are part of the polymorphic uncertainty model, see Götz et al. (2015) . Aleatoric uncertainty involves the uncertainty characteristic variability, e.g. the variations of material properties based on repetitive material tests. Owing to a given amount of test results, the uncertainties can be represented by means of randomness, which in general satisfies statistical laws and possess a quasi-objective information content. Epistemic uncertainty comprises incompleteness and impreciseness, which encounters nonstatistical properties and subjective influences. According to Möller and Beer (2004) , epistemic uncertainties are further divisible into informal and lexical uncertainties. The distinction between precise data and non-precise data is further described in Viertl (1996) . Epistemic uncertainty can be represented by fuzzy sets according to the fuzzy set theory of Zadeh (1965) .
In the present work, experiments -performed on small specimens made of Norway spruce according to European standards -are used as database. Although the variation of wood material parameters due to natural growth represents aleatoric uncertainty, the available databases are usually limited. Owing to changing environmental conditions or imprecisions while preparing the specimens, the application of pure stochastic models seems inadequate, see e.g. Jenkel et al. (2015) . According to Möller and Beer (2004) and Pannier et al. (2003) , the uncertainty model 'fuzzy randomness' is well suited to represent imprecise data with (very) many samples and includes the uncertainty characteristics variability and impreciseness. Thus, the model is applicable to describe uncertainty in timber engineering. Besides, the variation in geometry emerges for instance from engineering tolerance due to manufacturing. For the latter, almost no data is available. Fuzzy probability based random variables (fp-r) (see Götz et al., 2015; Pannier, 2011; Pannier et al., 2013) , are utilised in order to handle the uncertainty within the determination of stochastic parameters as well as representing the range of the response for input-output mapping. Geometric dimensions, knothole sizes and positions are defined as fuzzy variables. Artificial neuronal networks, to approximate solutions of FE simulations, and analytical functions are hereby used as input-output mapping. To evaluate polymorphic uncertain modelling with respect to a wooden structure, a fuzzy stochastic analysis according to Götz et al. (2015) is a valid approach, which yields to more realistic but uncertain result quantities.
The contribution is divided into four main sections. Firstly, a brief overview of mathematical fundamentals is given, regarding randomness, fuzziness and fuzzy randomness. The computational analysis procedure is explained as well. Approaches to model fuzzy distribution parameters for fuzzy probability based random variables are introduced. Hereafter, the data basis gathered from multiple experiments is presented together with the related fp-r variables. Subsequently, a fuzzy stochastic analysis is applied to a timber board structure. The results are broadly discussed in terms of further processing in engineering tasks.
Uncertainty models
In order to derive a numerical model for an adequate consideration of uncertainty, it is proposed to extend the common approach of stochastic modelling, used e.g. for material parameters, to fuzzy probability based random variables. Therefore, the fundamentals of randomness, fuzziness -covering epistemic uncertainty of e.g. geometric dimensionsand fuzzy probability based random variables are hereafter outlined to incorporate the source and nature of present uncertainties.
Randomness
A random variable X is defined by the mapping :
whereas  corresponds to the set of elementary events  ,  is a  -Algebra, ( )   is the Borel- -Algebra and P is the probability measure on  , satisfying the probability axioms of Kolmogorov. The observation space is represented by ( , ( ))    . If X complies to the condition equation (1), an associated probability measure X P is furthermore defined as
.
The underlying distribution of the random variable X can be expressed by the cumulative distribution function X F (cdf) and its derivative called probability density function X f (pdf) for which holds
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Based on the assumption that X f is continuous, the probability of an interval = [ , ] l r I x x is related to X F as follows
The probability distribution of random variables is usually described by means of parametrised distributions ( , )
X F x  . Common distribution types as the Normal or
Log.-Normal distribution will be further represented as parametric model with respect to suitable distribution parameters  .
Fuzziness
Considering a precise set A   , the characterising function  , in terms of precise sets also called indicator functions Viertl (1996) , is defined by
Owing to the imprecision of measurements, it becomes obvious that the definition of interval boundaries in this precise manner is a too simple approach and not very realistic. Subsequently, the definition of precise sets has been enhanced to non-precise sets. For reasons of distinction, the characterising function  for non-precise data will be further expressed as membership function  allowing an assessment of the membership in an interval [0, 1] . A fuzzy set A  can be expressed as set of ordered pairs
To highlight the transformation from precise sets A to uncertain sets in  , fuzzy sets will be further referred to as A  . The fuzzy set A  can also be referred to as a fuzzy number x  , see Möller and Beer (2004) . The membership function  of an uncertain variable is a real function of a real variable with the following properties
where the finite closed interval A  is called  -cut of  (Zadeh, 1971) . The  -cut 0 A is defined as the support of the membership function A   . In this contribution, only convex fuzzy numbers according to Möller and Beer (2004) , Pannier et al. (2013) , and Pannier (2011) are considered. With respect to equation (9), all utilised fuzzy numbers are represented either as fuzzy triangular number
or as fuzzy trapezoidal number
Both types of fuzzy numbers are illustrated in Figure 1 . 
Fuzzy randomness
The definition of fuzzy probability based random variables (fp-r) is founded on the assumption that the probability distribution of a random variable X according to equation (2) cannot be described exactly due to a lack of information (see e.g. Götz et al., 2015; Pannier et al., 2013; Pannier, 2011) . Thus, a fuzzy probability distribution and a fuzzy probability space ( , , ) P   can be introduced. The fuzzy probability P is represented as family of  -cuts
A fuzzy probability based random variable X is defined by : X    as a mapping of the fuzzy probability space onto the observation space. The fuzzy probability distribution ˆX P is formulated as family of mappings
The fuzzy probability distribution might be represented by a fuzzy cumulative distribution function ˆX F , which is again defined as family of  -cuts
with an arbitrary cumulative distribution function
The applied cumulative distribution function G is usually defined by distribution parameters  in terms of ( , ) G x  . Then, the fuzzy cumulative distribution function ˆX F can be described with fuzzy distribution parameters
. For example, a two parametric distribution function with parameters 1  and 2  yields to
This formulation is referred to as bunch parameter representation, since the fuzzy cumulative distribution and the fuzzy probability density function can be considered as assessed bunches of functions which are described by uncertain bunch parameters   .
Uncertain structural analysis
According to Möller and Beer (2004) and Pannier (2011) , the so-called fuzzy stochastic analysis type I is utilised, in which the bunch parameter representation of fuzzy random variables is used. The general workflow constituted in a three-loop computational model is visualised in Figure 2 and will be further defined.
Figure 2
Processing structure according to Götz et al. (2015) m Z , S Z , q Z , P f Z Initially, each input parameter i X with = 1, , i n  is represented by a fuzzy distribution according to equation (19), where each distribution type is determined individually for each input dimension. The fuzzy analysis, performed in the outer loop, implies the
is obtained for each  -level, carried out on 1, 2, = ( ) The resulting empirical distribution ( ) F z is condensed to a representative scalar value  by means of information reduction. Since each trajectory is related to an  -level, the resulting  is likewise related to the same  -level (see Figure 3 ). As information reduction method, any descriptive statistical evaluation parameter such as standard deviation, mean, median, quantiles etc. are conceivable for this task. In order to determine the bounds of the associated  -level cut, a so-called  -level optimisation (Möller et al., 2000) is necessary to be carried out for the computation of (Möller and Beer, 2004) Since the proposed procedure of uncertain analysis is founded on fp-r variables for material parameters of wood, elements of statistics are necessary to determine stochastic parameters. Additionally, two approaches for modelling fuzzy distribution parameters as either triangular or trapezoidal number are introduced, whereas both methods are based on the statistical evaluation of a given dataset.
Elements of mathematical statistics
To transform given test results into a distribution function, methods of inductive statistics are necessary. There are four distribution types considered in this contribution all of which are two-parametric such as Log.-Normal distribution, two extreme value distributions, Gumbel and Weibull, are considered. Point estimators are used to determine the distribution parameters. Methods of Moments (MoM) as well as Maximum-Likelihood Estimation (MLE) apply for the most common point estimation procedures (Köhler et al., 2007) . The MoM is used since initial investigations revealed that especially for a small sample size of data the more robust MoM is sufficiently accurate considering the general variance within the data set itself. The determination of a probability distribution function based on given experimental results will be shown for the elasticity modulus in tangential direction t E and is initially based on 45 test samples t E . An examination with the boxplot detects potential outliers (1.5 inter quartile range) (see Frigge et al., 1989) . In order to determine the distribution parameters, the empirical mean value ( ) t m E and empirical standard deviation ( ) t E  will be used.
For a real-valued continuous function f , the n -th moment is determined according to Spaethe (1992) = ( ) ( ) . 
as well as being asymptotically unbiased
To test the conformity of the empirical distribution with an assumed distribution type, two statistical tests are performed (see e.g. Rinne, 2008; Viertl, 1997) , the KolmogorovSmirnov test (KS) and the 2  -test with focus on the KS test due to the sample size of = 44 n  . Both statistic tests belong to the category "Goodness of fit", which determines how well an empirical distribution suits a hypothetical distribution function. The KS test is based on the maximum difference between an empirical cumulative distribution n F and the hypothetical 0 F , with the given Kolmogorov-Smirnov statistic for the nullhypothesis 0
The critical value of the maximum difference with respect to the significance level  is
hence the null hypothesis will be rejected if > n D c  (Messay, 1951) . Therefore, 0 F can be assumed as the underlying distribution function for the empirical distribution with a certain sureness based on  , see Figure 5 As Table 1 shows, none of the four distribution types is declined by both statistical tests, which yields to the assumption that all of the distributions are valid approximations for the test samples. Since the maximum absolute difference between the Log.-Normal distribution and the empirical distribution is the lowest, a Log.-Normal distribution ( , u u   , see Table 1 ) can be considered as best fitting for t E . The four distribution types, represented by the probability density functions (parameters see Table 1 ) are shown in Figure 5 (a) with the relative frequencies of 
Principles of modelling the fuzzy probability based random variables
Since multiple admissible distributions exist to describe an empirical distribution, it is likely that the chosen point estimators are not the most accurate way to determine the distribution parameters with respect to the uncertainty in the data. To define the bunch parameters of any chosen two-parametric fuzzy random based random variable
the following method is used. A common approach for = 0  is based on interval estimation of a parameter  . Assuming  can vary within a defined confidence interval min max [ , ]   min max ( < < )=(1 ),
a set of the minimum and maximum values of parameters, according to the confidence level (1 )   might be used describing a set of distribution functions (see e.g. Viertl, 1997) . According to equations (28) 
In order to determine the parameters for  -level = 1  an heuristic approach was utilised.
Parameter modelling and data basis
The introduced methods are applied to model the uncertainty of material parameters of wood subsequently. The mechanical behaviour of the anisotropic material wood differs significantly in the material directions radial r , tangential t and longitudinal l and strongly depends on the type of loading like tension t , compression c and shear loading v . The material parameters and their uncertain distributions are modelled on the basis of empirical data.
Database situation
The database applied in this contribution has been obtained from experiments described in Jenkel et al. (2015) and Ulrich and Seim (2014) . The investigated material parameters include the elasticity moduli and the material strengths in the material directions and depending on the type of loading. The tests have been carried out on small specimens, as far as possible free of inhomogeneities, according to European and German standards given in Table 2 . In the table, the number of samples (under consideration of outliers) as well as the empirical mean value m and standard deviation  are given for each parameter. The total data sets are documented in Jenkel et al. (2015) and Ulrich and Seim (2014) . Table 2 Experimental basis according to Jenkel et al. (2015) and Ulrich and Seim (2014) The experiments are designed to take all samples independently on the basis of identical conditions (i.i.d. paradigm). For the parameters given in Table 2 , data sets should be obtained disregarding the interaction to other parameters. Especially density and moisture should be constant, as most relevant parameters influencing all material parameters of wood. Thus, as far as possible, specimens of comparable density are used. The specimens are conditioned in climate chambers. To avoid size effects and obtain comparable parameters, identical specimen measures are applied for most of the test series. Specimens with equal material directions are used in each test series considering all three material directions, except for the tensile strength perpendicular to grain.
Data modelling
The available data is evaluated statistically to model the material parameters as fuzzy probability based random variables. The best fitting distribution types for the data sets used in the examples presented below are given in Table 3 . Exemplarily, the longitudinal elasticity moduli l E is represented by means of a Weibull distribution
whereas the distribution parameters are modelled as fuzzy trapezoidal number according to Table 3 .The distribution is illustrated in Figure 6 . The black graphs in Figure 6 (a) are obtained using the max -and min -sets of the space of bunch parameters defined at = 1  marked by I and II in Figure 6 (b). The light grey graphs are computed with = 0  for the max -and min -sets of the bunch parameters marked by III and IV. 
Example
The methods presented above are used subsequently to compute the ultimate load of a timber board containing knots at tensile loading which are analysed under consideration of uncertainties in material and geometrical parameters. The material parameters are modelled as fuzzy probability based random variables (fp-r) while geometric parameters are described by fuzzy variables.
Timber board containing knots
Knots in timber are remnants of branches in trees and can be considered as structural inhomogeneities. The size of knots and the boundary to the surrounding wood can often not be identified exactly. Thus, the size of the knots is regarded as being uncertain and modelled by means of fuzzy numbers. In addition, material parameters are described as fuzzy stochastic variables.
The board with dimensions = 18 150 350mm t b l     is analysed at uniform tensile loading as shown in Figure 7 . The aim is to compute the ultimate load. The results of a FE-analysis according to Jenkel and Kaliske (2014) are applied to train an artificial neural network, which is used as input-output mapping f  . Thereby, the knots and the surrounding wood are not distinguished explicitly by element edges, but by means of material parameters at integration points. This smeared FE model is feasible since an individual coordinate system and material parameters can be assigned to every integration point of each finite element, compare Zohdi and Wriggers (2005) . The board is coarse discretised by a regular mesh with 2 12 30   hexahedral 8-node finite elements, see Figure 7 . To improve the approximation of knots, three integration points are used in each direction per element. Owing to the indirect representation of knots in the FE model, a fixed regular mesh can be applied in the uncertainty analysis. Otherwise, a new mesh would need to be generated for each solution step due to changing knot size. Before the structural analysis is carried out, a material coordinate system representing the three material directions r , t and l needs to be assigned to every integration point. In general, the longitudinal direction is defined by the stem direction, the tangential direction by the growth rings and the radial direction by the medullary rays pointing to pith. In the area of branches, the fibre course, i.e. the longitudinal direction, is deviating from the stem direction. Therefore, the fibre course is computed by means of the streamline approach presented in Jenkel and Kaliske (2014) based on a flow-grain analogy. Since the knot diameters are varied, this computation has to be carried out for every solution step within the fuzzy stochastic structural analysis.
The ultimate load u p is computed using a Tsai-Wu plasticity formulation with linear isotropic softening (see e.g. Schmidt and Kaliske, 2009; Tsai and Wu, 1971 ). In the simulations, the load p is increased by increments. If the total cross-section in an arbitrary region of the board is in the plastic regime, the load will decrease. The ultimate load is determined as maximum loading in the computed load-displacement dependencies = max( ) u p p . The material parameters are modelled based on the empirical data described above. In the applied elasto-plastic material model, the 9 material parameters described in , the same material parameters as for the surrounding wood are applied for the integration points inside the knots, but with material coordinate systems defined by the longitudinal branch axes. In Figure 8 , the results of deterministic analyses for = 1 type k and = 2 type k using the mean values of the material parameters according to Table 2 are depicted. In Figure 8 (a), the computed load-displacement paths is shown, whereas p represents the uniform tensile load according to Figure 7 and z u represents the average nodal displacement in z -direction of the loaded nodes. The ultimate load u p is obtained as peak value. Of course, if the knots are modelled as being filled with material, a higher ultimate load is found. The load-displacement paths are affected by the chosen yield criterion and the softening rules. For simplicity, Tsai-Wu plasticity is used here. For an in-depth discussion of material modelling and a comparison of different plasticity formulations applied in failure analyses of timber boards see Jenkel (2016) . In Figure 8(b) , the degree of plasticisation at the point of ultimate load is illustrated for both knot configurations. If all integration points of an element are plasticised, the element appears black, if some integration points are plasticised, the element appears grey and if no point is in the plastic regime, the element is not shaded at all. For = 1 type k , which can be interpreted as dead knots, a stress/strain concentration around the knots can be seen while stresses and strains are concentrated inside knots for = 2 type k . These observations are in accordance with experimental investigations as described in Flaig and Blaß (2014) .
Figure 8
Results of deterministic structural analyses with mean values according to Table 2 : (a) load-displacement paths and (b) plasticised elements at point of ultimate strength As a consequence of the sensitivity analysis, the longitudinal elasticity modulus l E , the tensile strength perpendicular to grain ,90 t f , the longitudinal tensile strength , t l f and the shear strength v f are modelled as fuzzy probability based random variables using the best fitting distribution types identified in Table 3 . All other material parameters are modelled deterministically by their mean values according to Table 2 . A Weibull distribution is used to represent l E , see Figure 6 . For , t l f , a Normal distribution fits best to the empirical data. Since these material parameters appear to be most relevant, the distribution parameters are described by means of fuzzy trapezoidal numbers, see In this example, methods for the consideration of material and structural inhomogeneities are applied jointly revealing the advantages of the introduced uncertainty models. The results given in Figure 10 include information, which could not have been achieved by the application of a pure stochastic analysis.
Conclusion and outlook
The uncertainty of structural parameters has manifold reasons. If the uncertainty of input parameters is to be considered realistically in a structural analysis, appropriate data models are needed. In this contribution, a general description with polymorphic uncertainty is utilised and further classified into aleatoric and epistemic uncertainty. The first type is described using randomness while the latter is represented by means of fuzziness. The combination of both results in fuzzy randomness which is ideally suited to describe the uncertainty of material parameters of wood. Although the natural variability of material parameters is identified with aleatoric uncertainty, an application of randomness is often not feasible due to the limitations of available databases.
Methods to model empirical data by fuzzy randomness with focus on fuzzy probability based random variables are introduced. The procedure is applied to describe the uncertainty of macroscopic material parameters of wood. In addition, the uncertainty of geometrical and further structural parameters is represented using fuzzy variables. The procedure of a fuzzy stochastic structural analysis is described theoretically and demonstrated by an example. In structural analyses of wooden structures, information is considered which could not have been included in stochastic analyses nor a single deterministic structural analysis.
According to EN 1990 to EN (2010 , a semi-probabilistic safety concept is proposed for the future determination of partial safety factors. A stochastic analysis procedure as special case of the introduced methods can be used for the calibration of safety factors in a partial factor design concept. A failure probability might be prescribed, which is used to determine deterministic design values from the uncertain input parameters and results. These values simply need to be related to the characteristic values to define partial safety factors.
Although the uncertainty models fuzziness and fuzzy randomness are established in science, an application for the purpose of standardisation seems improbable in short term. Actually, engineers demand a further simplification of the design rules instead of a wider range of methods (Seim et al., 2012) . However, the evaluation of the uncertain results can give an additional input for the determination of less conservative safety factors and a better utilisation of the load bearing capacity of timber structures. Future work is necessary to reach from the fuzzy stochastic structural analysis presented here to recommendations for a numerical design concept.
Structural analyses under consideration of uncertainty yield to uncertain results. Engineers require deterministic values to determine a structural design. Measures of central tendency as mean value and measures of dispersion as quantiles can be used to reduce the information of uncertain variables to deterministic values. Similar measures have been used in the fuzzy stochastic structural analysis to describe the uncertain distributions of the results. Owing to the application of fuzzy randomness, the mean values and quantiles are obtained as uncertain quantities, which might need to be simplified themselves. Information reducing measures for fuzzy numbers are introduced e.g. in Beer and Liebscher (2008) and Graf et al. (2009) .
In this contribution, the idea is not to reduce the uncertainty but to keep as much information as possible. If all available data are considered in the structural analyses, the influence of the uncertainty of the input parameters on the structural results can be evaluated. Engineers can obtain an indication which input parameters deserve closer attention and might be modified to improve a structural design. Therefore, robustness analyses, such as in Beer and Liebscher (2008) and Graf et al. (2009) , and sensitivity analysis, see e.g. Pannier and Graf (2015) , are powerful tools. Moreover, the procedures presented in this contribution can be used in structural design approaches as introduced in Götz et al. (2015) .
